The Principle of Independent Action method is not treated in this analysis since Batdorf (Reference 4) showed that this method yields non-conservative results. In addition, the Simple Compression Criteria is not used since the strength of ceramics in compression is significantly greater than their strength in tension and the stress state in the O-ring specimen is predominantly tensile.
The Weibull and Batdorf failure theories are based on the weakest link theory griginally proposed by Pierce (Reference 5) . The weakest link model assumes that the structure is analogous to a chain of n links, each link having a different limiting strength. When a load is applied to the structure such that the weakest link fails, then the entire structure will fail. Experimental results indicate that monolithic ceramic failure behavior closely follows the weakest link theory. In a three-dimensional component, failure occurs when the stress at a flaw reaches a critical value.
The weakest link theory can be described by considering a chain consisting of several links, The probability of failure for the entire chain can be described through a cumulative distribution function F(o). If F is the probability that a single link in the chain will fail before a stress level, 0, is reached, the probability that this link will survive the stress level 0 is (1-F). The probability that a second link will survive the same stress level is also (1-F). For a chain consisting of these two links to survive, both links must survive. Since the probability that two events will both occur is the product of the probabilities that each will occur,'the probability that the chain will not fail is given by I'
(1 -F,) = (1 -F ) ( l -F ) = (1 -F)2
(1 1 Extending this to a chain of n links yields a survival probability of
(l-F,)=(l-F)"
A three dimensional component can be broken up into many elements where each element simulates a unit volume in the stressed body. Under this condition the survival probability of a body having a volume V and subjected to a stress CJ is 1
1-F, = (1-F)Y (3)
Taking natural logarithms of Equation 3 gives
Weibull ( (6) For a body with an arbitrary shape and stress distribution, the risk of rupture for a small volume element can be described as -dB = -ln(l -F)dV (7) For a strain intolerant material with randomly distributed flaws, the failure probability is a function of the tensile stress field, F(G) = -In( I -F). Substituting F(o) into Equation 7 and integrating over the entire component volume will yield the risk of rupture given by:
Substituting Equation 8 into Equation 6 yields the cumulative density function that describes the probability of fracture for a stressed body. The equation defining the failure probability for a three dimensional body based on the weak link theory is:
The difference between the two weakest link failure theories is in the choice of the distribution function that is used in Equation 9. The distribution functions assumed by the Weibull and Batdorf Theories are described in the following sect ions,
Weibull Normal Stress Averaging Method
Weibull (References 6,7) proposed a three parameter power function for the distribution function. The function F(o) must be a positive, non-decreasing function, vanishing at a value a , . WeibuH chose the function:
where 0" is the threshold stress parameter. This parameter is the value of applied stress below which the failure probability is zero. oo is the scale parameter which corresponds to the stress level where 63.2 percent of specimens with unit volumes would fracture, and m is the shape parameter (Weibull modulus) which measures the degree of strength variability.
These three statistical parameters are material properties that are temperature and processing dependent. For ceramics, the threshold stress parameter is usualty taken as zero. Setting the threshold stress parameter equal to zero yields the conservative result that the failure probability is zero only when the component is completely unloaded. This approach yields the two-parameter Wei bul I model Three-parameter behavior is sometimes observed in as-processed monolithic ceramics but the statistical estimation of the three-parameter model is very involved. The'CARES/LIFE program uses the two-parameter model. The equation used to predict the reliability for the case of uniaxial tension is (Reference 3):
where Pr is the probability of failure. In order to expand Equation 72 for threedimensional stress states, Weibull (Reference 8) introduced the concept of integrating the normal stress around the portion of a unit radius sphere where the normal stress is tensile. The unit radius sphere used in this concept is shown graphically in Figure 1 with the variables defined by the equations: 
Batdorf Failure Theory
The Batdorf Theory (Reference 9) combines the weakest link theory and linear elastic fracture mechanics to obtain a failure probability theory that is based on the presence of flaws in the material. The Batdorf Theory calculates the combined probability of a critical flaw being within a certain size range and being located and orientated so that it may cause fracture. The introduction of fracture mechanics allows the theory to include the detrimental effects of shear stresses on the crack plane. This requires the definition of the crack geometry to enable the calculation of the effective stress at the crack tip. Crack geometries for volume flaw analysis include the Griffith crack and the penny-shaped crack.
Batdorfs model assumes the following:
3.

4.
microcracks in the material are the cause of fracture cracks do not interact each crack has a critical stress 0, which is defined as the stress normal to the crack plane that will cause failure fracture occurs under a combined stress when an effective stress oe acting on the crack is equal to 0,.
Cracks within the component can be grouped according to location, the applied stress state, and the crack critical stress. Assuming that the stress state varies slowly, so that within a volume element all cracks will be subject to the same macroscopic stress, and that the material is macroscopically homogeneous, SO that a function N(oJ can be defined as the number of cracks per unit volume having a critical stress I oc, the probability that a crack having a critical stress in the range oC to crc+docexists in the volume AV is:
The crack density distribution function, N(u), is a function of the critical effective stress distribution.
The probability that such a crack will cause failure of the component depends on its orientation, the stress state, and the fracture criterion. Batdorf assumed that there is a solid angle S l such that the fracture of a crack will occur only if its normal lies within i2, If the crack plane normal lies within a, then the effective stress on the crack ne is greater than the critical stress. For randomly oriented cracks, the probability that a crack will fracture under an applied stress state C is given by R(E,oC)14x. The probability of failure due to a crack in the critical stress range do, located in volume element AV is the product of the above probabilities: The numerical solution to Equation 23 utilized by CARESLIFE is given by assuming ksv is element independent and where n is the total number of subelements.
Volume Flaw Effective Stress
Shear insensitive fracture occurs when On = ne2 ocr, where on is the normal tensile stress on the crack plane. However, a shear stress (z) applied parallel to the crack plane results in an effective stress that is a function of both on and T.
From the selected fracture criterion and crack geometry, ( T~ is obtained as a function of the applied stress state (E) and the angles from the stress vector to the principal axes.
Reference 9 gives effective stress expressions for Griffith flaws and penny shaped cracks assuming both Griffith's maximum tensile stress criterion and -coplanar strain energy release rate criterion. These equations were derived assuming only coplanar crack extension. To account for crack propagation at an angle to the flaw plane, Shetty (Reference I O ) developed an empirical equation based on crack propagation experiments performed on polycrystalline ceramics and glass with large induced flaws. Shetty's combined mode crack extension equation has the form where &is given by the dominant mode II or 111 stress intensity factor (&I or KILI), c is an empirical constant used to fit Equation 25 to the experimental data, KI is the mode I stress intensity factor and K c is the material fracture toughness.
Shetty found a range of values of 0.8 I c I 2.0. ? is an indication of the shear sensitivity of the material where a large value of sensitivity. The effective stress equations for the various failure theories and crack geometry are summarized in Table 7 . indicates low shear
Finite Element Analysis of 0-Ring Compression Specimens
A three-dimensional finite element model of the O-ring specimen (Figure 3 ) was generated using Patran (Reference I I ). Symmetric geometry and boundary conditions about the vertical, horizontal, and longitudinal axes of the O-ring allowed the reduction of the finite element model to a one eighth section of the O-ring. Zero displacement boundary conditions were applied to the vertical and horizontal symmetry planes. The load (P) was simulated by applying a fixed displacement to a rigid platen. Onedimensional elements were used between the platen and the O-ring model to simulate the rolling contact between the test specimen and load platen as the O-ring deformed. The O-ring model was meshed with 20 node hexahedral elements. Figure 4 shows the finite element mesh along with the symmetry boundary conditions and fixed displacement representing the load platen displacement. The Sic O-ring was modeled as an elastic material with the properties listed in Table 2 .
Thermal Analysis
The elastic constants and failure probability parameters (Le. Weibull Modulus, characteristic strength) are dependent on the material temperature. The CARESLIFE code accounts for variable material properties as a function of temperature by interpolating between values provided from previous testing at temperatures covering the component operating temperature range. Lagrange Polynomials are used to calculate the values at five intermediate levels between each user-input temperature. To perform this step, the temperature at the element centroid must be supplied as input to the CARES/LIFE code. This input file was generated for the test specimen by running the thermal analysis with the O-ring model at a prescribed temperature of 70°F. The temperature distribution (isothermal 70°F for all elements) was supplied as an input file for the structural analysis to generate a data file (including the temperature and stress distribution) in a format readable by CARESILIFE.
Structural Analysis
The O-ring specimen loaded in diametral compression is a convenient test due to the ease of machining and loading the specimen. The disadvantage of this test is the difficulty in obtaining an accurate analytical stress distribution. The L * tangential tensile stress reaches a peak value at the inner surface of the ring in the plane of the applied load. The magnitude of the tensile stress drops sharply as the angle 0 (see Figure 3) The finite element results were checked by comparing the maximum tangential stress from the finite element analysis to the theoretical result for a cylinder under diametrical compression. The theoretical fracture strength of the specimens, q, was calculated using the following expression (Reference 12):
where Lfis the applied force at fracture, r, is the average specimen radius, f is the mean thickness and w is the specimen length.
An alternate solution for the stress in an O-ring specimen under diametral compression is given by Reference 2. The tangential stress component (oe) for a given applied load (P) was derived from strain energy straight beam theory: r, b, t, h, r, are defined in Figure 3 . The sensitivity of the maximum principal stress to the mesh density was evaluated by varying the number of elements through the wall of the O-ring model. Table 3 lists the maximum principal stress under identical loading conditions with 3, 4, and 5 elements through the wall thickness. The results are within -4% of the theoretical value calculated using the method described in Reference 12 indicating that the model with 3 elements through the thickness is sufficient to accurately determine the O-ring stress under diametral compression. Table 4 were calculated by the CARESLIFE parameter estimation module (CSPEST) using the maximum likelihood method (preferred method of ASTM (3239-95) to estimate the biased Weibull modulus. The Weibull parameters were also calculated independently using the ASTM Ct 239-95 procedure. Appendix A presents the details of the calculations used to verify the output from the C5PEST module. A comparison of the results shows that CAREWLIFE calculates accurate material parameters for use in the failure probability analysis.
Test Data
The failure probability of O-ring specimens loaded in compression was predicted using the flexure bar Weibull parameters and the finite element analysis stress results. The predicted results were compared to experimental results for fifteen silicon carbide O-rings tested in compression at room temperature. The experimental results were obtained from a test performed independent of this analysis. The O-ring specimens were sectioned from 3-inch long tubes that were machined from CVD silicon carbide plate stock. Machining resulted in tool marks perpendicular to the tube axis. The specimens were inserted between the load platens of a universal test device using 0.005-inch thick Grafoil spacers and loaded to failure. The failure load was recorded and the wall thickness at the Foint of failure was measured. The test data for the 15 O-ring specimens are given in Table 5 and are plotted on Figure I 1.
Failure Analysis
After completing the finite element analysis the translator module was used to generate a neutral file containing the sub-element stress, temperature and volume. The CARESLIFE failure probability calculation module (CSLIFE) then read the neutral file and the output file of the parameter estimation module and calculated the survival probability and risk of rupture intensities for all subelements.
The elemental reliability was calculated at the Gaussian integration points of the element using 30 Gaussian integration points. Increasing the number of integration points reduces the volume of the sub-element and increases the accuracy of the calculated failure probability especially in regions of large stress gradients. Calculating the failure probability using t5, 30 and 50 integration points checked the sensitivity of the component failure probability to the number of integration points. No difference in the failure probability was noted, indicating that a finite element model of the O-ring specimen with 3 or 4 elements (20 node hexahedral elements) through the wall thickness provides sufficient discretization with the minimum number of integration points to provide a converged result. Computer run time for the analysis performed with 50 integration points was significantly longer than for the 30-point analysis. Using a higher number of integration points may be an effective method of improving the accuracy of a failure prediction, when a coarsely meshed finite element model is used, if the stress results are accurate.
A limited low magnification inspection of the O-ring fracture surfaces failed to determine if failure occurred due to surface or volume flaws. The O-ring compression test yielded a higher characteristic strength for the O-ring when compared to flexure bar data of the same material. Effective volume and area adjustments conducted on the flexure bar data to investigate the difference between the characteristic strengths yielded close agreement between volume adjusted flexure bar data and the O-ring data. This indicated that failure of the O-ring and flexure bars was initiated at volumetric flaws. Therefore, the failure probability analysis was performed based on a volumetric flaw distribution.
The shear sensitive models (Batdorf Theory) available in CARESLIFE require a user-selected flaw geometry and a mixed mode fracture criterion. For consistency among the various shear sensitive failure theories, the Griffith flaw geometry was used to calculate the effective stress. The finite element stress results were analyzed using the available failure theories with the exception of if an analysis using the The ability of CARESLIFE to predict the failure behavior of a monolithic ceramic structure was evaluated by comparing the calculated failure probabilities based on the finite element stress distribution with the experimental results from the 0-ring compression test. The results of the failure analysis are plotted along with the experimental data for the O-rings and flexure bars on Figure I I. The experimental data for the 4 point flexure bars are entirely outside of the 90% confidence interval on the O-ring data and provide a poor indication of the performance of the O-ring specimen. When the stress distribution in the O-ring is evaluated using Equations 15 and 24, the calculated failure probability results fall well within the 90% confidence interval on the experimental data for each of the failure theories considered. This figure shows that CARES/LIFE uses the 4 point flexure bar data to accurately predict the failure probability of components with different geometries and stress distributions. 
Discussion
The excellent agreement between the predicted failure probabilities and the experimental O-ring data indicates that CARESILIFE can be used as a design tool to determine the failure probability of monolithic ceramic components. No difference between failure theories can be semusing the O-ring geometry since the tensile axial stresses in the O-ring are negligible compared to the tangential stresses and the radial stress is mainly compressive and does not contribute to the failure probability analysis. The approximately uniaxial stress state should cause the results based on the shear sensitive theories to converge with the Weibull Theory results. This analysis shows that the CARESILIFE program provides an accurate prediction of the fast fracture failure probability of ceramic components when the critical flaw distribution in the test specimens used to estimate the statistical parameters is the same as the critical flaw population in the component. This analysis does not provide a basis for choosing one failure theory over another.
There are differing opinions on the effect of shear stresses on fracture of ceramic components. Doremus (Reference 13) described a theory in which flaws that are not aligned with the principal stress will grow in a manner that results in alignment of the crack plane perpendicular to the maximum principal stress resulting in predominantly Mode 1 failure. Reference 3 recommends using the Shetty Mixed Mode Failure Theory for components fabricated from shear sensitive materials that experience non-coplanar crack propagation. However, this method requires additional testing to determine the empirical constant E , In addition, the shear sensitive theories require longer computer run times due to the more complicated effective stress integration. When analyzing a component where shear stress is a significant ffaction of the maximum principal stress, a shear stress sensitivity study should be performed to choose the theory that provides conservative results.
Fractographic analysis is a necessary component of reliability analysis, in order to determine whether area, volume, or a combined reliability analysis should be performed using CARESLIFE. Figure 1 I shows the importance of the volumetric correction of the flexure bar test data petformed by CARES/LIFE. The failure data for the flexure bars falls completely outside of the 90% confidence interval on the O-ring specimens due to the significantly larger effective volume of the flexure bars compared to the O-ring specimen. The larger effective volume of the flexure specimen increases the probability that a critical flaw will be sampled, resulting in a higher failure probability for a given stress state. While the volumetric (or area) correction is performed by CARESILIFE, the user must carefully consider the data used to determine the Weibull parameters. Weibull parameters are material properties that should be independent of specimen size, shape and loading configuration. However, differences in surface finish, processing technique, thermal history and environment will result in different material properties for a given ceramic. These variations are dependent on the flaw population that is active in the fracture process. For example, Jadaan (Reference 2) found that flexure bar data for a melt infiltrated Sic material could not be used to predict the failure probability of unmachined internally pressurized tubes of the same material. This occurred because the surface grinding performed on the flexure bars altered the flaw population and resulted in different Weibull parameters for the flexure bars and tubular specimens, The tubular specimens failed at silicon nodules on the inner surface while the flexure bar failures were initiated at volumetric flaws. In the present study, the fabrication method for both the bend bars and O-rings resulted in grinding marks on the surface of similar size and orientation to the principal stress axis. The machining removed the critical surface flaw population resulting in failure due to a volumetric flaw distribution for both specimen types.
The accuracy of the reliability estimate is directly dependent on the accuracy of the calculated component stress distribution. The finite element method enables accurate determination of temperature and stress distributions for a complex component that can be used as input to a failure probability prediction program to estimate the component reliability. However, from Equations 15 and 24, the uncertainty in the calculated failure probability is a power function of the uncertainty in the calculated stress distribution. McLean and Hartsock (Reference 14) estimated that for a Weibull modulus of approximately I O , an error of 20% in the stress analysis would result in a factor of 6 error in the predicted probability of failure. The accuracy of the finite element stress distribution is dependent on the mesh density and the modeling details.
Reducing the mesh density results in improved accuracy at the expense of computer run time.' The sensitivity of the failure probability to the finite element mesh density was checked by calculating the reliability using the stress results from finite element models with 3 and 4 elements through the O-ring wall thickness. The results (Figure 14) show that the 4-element model produced a slightly improved failure prediction over the 3-element model due to improved accuracy in the stress distribution. The smal1,difference in predicted failure probability between the 3 and 4 element models and the exceffent agreement with the experimental data indicates that using three 20 node hexahedral elements through the O-ring wall thickness provides a sufficient mesh density to ' Extremely fine mesh may reduce solution accuracy due to truncation errors depending on the computer platform used for the analysis.
-_ accurately capture the severe stress gradient in the critical region of the O-ring specimen. Although the improvement in failure prediction obtained by mesh refinement in this analysis was insignificant, a refined mesh in high stresslstress gradient regions of complicated components is essential to ensure accurate stress distributions and to obtain valid failure predictions. -50854. -79412.
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